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Exercise 26

Let u(x, t) be the solution given by (2). Show u
(
x, t+ 3L

2c

)
is the solution given by (7). What

does this imply about the motion described by (2) versus the one described by (7)?

Solution

Equation (2) is a solution to the wave equation on a finite interval with fixed ends and an initial
displacement and zero velocity.

u(x, t) = sin
πx

L
cos

πct

L
(2)

Replace t with t+ 3L
2c .

u

(
x, t+

3L

2c

)
= sin

πx

L
cos

[
πc

L

(
t+

3L

2c

)]

= sin
πx

L
cos

(
πct

L
+

3π

2

)

= sin
πx

L

(
cos

πct

L
cos

3π

2︸ ︷︷ ︸
= 0

− sin
πct

L
sin

3π

2︸ ︷︷ ︸
= −1

)

= sin
πx

L
sin

πct

L
(7)

This is equation (7), which is also a solution to the wave equation on a finite interval with fixed
ends but zero displacement and initial velocity. Therefore, whether the string starts with an
initial velocity and zero displacement or with zero velocity and an initial displacement, the
motion of the string is the same. A string whose motion is described by equation (7) will just take
3L/2c units of time to catch up to one whose motion is described by equation (2).
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